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A NOTE ON EQUIVARIANT K-STABILITY
ZIWEN ZHU
Abstract. We define G-pseudovaluations on a variety with a group action G. By intro-
ducing G-pseudovaluations, we are able to give some criteria for G-equivariant K-stability
of Fano varieties which are parallel to existing results for usual K-stability.
1. Introduction
We work over the field C of complex numbers. A Q-Fano variety is a normal projective
variety with klt singularities such that the anti-canonical divisor is Q-Cartier and ample.
It was conjectured that in order to test K-(poly/semi)stability of a Q-Fano variety it
is enough to examine equivariant test configurations with respect to a finite or connected
reductive subgroup G of Aut(X). For the case of Fano manifolds, an analytic proof was
given in [5]. When G is a torus group, for any Q-Fano variety, an algebraic proof was
provided in [18] for K-semistability and in [16] for K-polystability. Recently after the first
version of this paper had been posted online, the finite group case of the conjecture was
solved in [19], and then a full solution to the conjecture eventually was given by Zhuang
in [24].
The purpose of this short note however is to provide another perspective on equivariant
K-stability for Q-Fano varieties with an arbitrary group action. By replacing the space
of valuations with a special collection of pseudovaluations in terms of the group action,
we give parallel results to two existing criteria on characterizing K-stability from [10] and
[13, 15, 18]. Indeed, for any variety X, let G ⊂ Aut(X) denote a group action on X. For
any valuation v on X, we define
G · v := inf
g∈G
g · v,
where g acts on the valuation v by g · v(f) = v(f ◦ g) for any f ∈ C(X). We call G · v
a G-pseudovaluation and denote all G-pseudovaluations on X by GValX . Note that all
G-invariant valuations, which we denote by ValGX , are contained in GValX . For any G-
pseudovaluation G · v, and a nonnegative real number x, we can define the ideal sheaf
ax(G · v) to be
ax(G · v) =
⋂
g∈G
ax(g · v),
where for any valuation w, ax(w) is the ideal sheaf of regular functions with vanishing
order no less than x with respect to w. Refer to Section 2 for details about the definition
of G-pseudovaluations.
The first theorem is about valuative criteria of equivariant K-stability parallel to the
main results in [10]. Let X be a Q-Fano variety and G ⊂ Aut(X) a group action on X.
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For a prime divisor F over X, let ordF be the corresponding divisorial valuation. We define
the G-equivariant beta invariant of F to be
βG(F ) := AX(F )(−KX)
n −
∫ +∞
0
volX (OX(−KX)⊗ ax(G · ordF )) dx.
We say that F is of finite orbit if the orbit of the valuation ordF under G-action is finite.
We say that F is G-dreamy if F is of finite orbit and moreover the graded ring⊕
k,j≥0
H0 (X,OX (−kKX)⊗ aj(G · ordF ))
is finitely generated.
Define
τG(F ) := sup{t > 0| volX (OX(−KX)⊗ at(G · ordF )) > 0}
and
jG(F ) =
∫ τG(F )
0
(volX(−KX)− volX (OX(−KX)⊗ ax(G · ordF ))) dx.
Note that for G-invariant divisors over X, the above definitions coincide with the usual
ones defined in [10].
The following theorem gives valuative criteria of K-stability in terms of βG(F ):
Theorem A. Let X be a Q-Fano variety with G ⊂ Aut(X) a group action on X.
(1) The following are equivalent:
(i) X is uniformly G-equivariantly K-stable;
(ii) there exists 0 < δ < 1, such that βG(F ) ≥ δjG(F ) for any finite-orbit prime
divisor F over X;
(iii) there exists 0 < δ < 1, such that βG(F ) ≥ δjG(F ) for any G-dreamy prime
divisor F over X.
(2) The following are equivalent:
(i) X is G-equivariantly K-semistable;
(ii) βG(F ) ≥ 0 for any finite-orbit prime divisor F over X;
(iii) βG(F ) ≥ 0 for any G-dreamy prime divisor F over X.
(3) The following are equivalent:
(i) X is G-equivariantly K-stable;
(ii) βG(F ) > 0 for any G-dreamy prime divisor F over X.
Remark 1.1. When G is connected, we know that every finite-orbit prime divisor is G-
invariant. Therefore, it is enough to only consider beta invariants of G-invariant divisors in
Theorem A in this case. A similar result is shown in [11] in terms of the stability threshold.
Remark 1.2. When G is finite, every prime divisor over X is of finite orbit. Moreover,
for G-invariant K-semistability, it is enough to consider beta invariants of G-invariant
divisors over X. Indeed, based on the valuative criteria in Theorem A, Liu and the author
showed further in [19] that it is in fact enough to check all G-equivariant special test
configurations for G-equivariant K-semistability. The klt central fiber of a G-equivariant
special test configuration of X is in particular reduced and irreducible, and induces a
G-invariant divisorial valuation on X. The argument in [10] therefore shows that it is
enough to consider G-invariant divisors when G is finite. In general, when G is not finite,
all the prime divisors induced by weakly G-special test configurations (see Section 2.3 for
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definition) are still of finite orbit. Therefore, we are not losing any information in terms of
test configurations and K-stability by focusing only on divisors of finite orbit.
We can also characterize equivariant K-stability in terms of equivariant normalized vol-
ume of G-pseudovaluations. Normalized volume of G-pseudovaluations can be defined
similarly as the normalized volume of usual valuations in [14] and we will use the same
notation. See Section 2 for more details.
Let X be a Q-Fano variety with G-action, denote by Y = C(X,−KX) the cone over X
and o ∈ Y the vertex of the cone. Suppose π : Z = BloY → Y is the blow-up of Y at
o. Let E be the exceptional divisor of the blow-up. Denote the divisorial valuation ordE
by v0. Note that there is a natural G-action induced on the cone Y and the blow-up Z.
Since v0 is a G-invariant divisorial valuation, we know that v0 ∈ Val
G
Y,o ⊂ GValY,o, where
ValGY,o and GValY,o refer to G-invariant valuations and G-pseudovaluations with center to
be o respectively. (See Section 2 for the definition of the center of a G-pseudovaluation.)
Under the above notation, we have the following characterization of G-equivariant K-
semistability compared to the results in [13, 15, 18]:
Theorem B. X is G-equivariantly K-semistable iff the normalized volume function v̂olY,o
is minimized at v0 among all finite-orbit G-pseudovaluations on Y centered at o.
Remark 1.3. Uniqueness of the minimizer of v̂olY,o among all valuations on Y centered at
o was originally conjectured by Chi Li in [14]. Assuming the conjecture, we know that if Y
admits a G-action, then the minimizer is necessarily G-invariant. As it is well known, this
would immediately imply the equivalence between G-equivariant K-semistability and usual
K-semistability by a similar argument as in the proof of Theorem E in [18]. In particular,
it would follow that it is enough to consider only G-invariant divisors and G-invariant
valuations to check K-semistability.
Recently after the paper is posted online, there are two relevant results concerning
Remark 1.3. Xu and Zhuang confirmed Li’s conjecture on the uniqueness of the minimizer
of normalized volume in [23]. Zhuang also showed in [24, Theorem 1.2], using a different
approach from [23], that it is enough to check invariant divisors for K-semistability, which
is a key step in his proof of the equivalence between equivariant K-stability and usual
K-stability.
Acknowledgements. The author would like to thank his advisor Tommaso de Fernex
for proposing the question that motivates the project and providing insightful thoughts
throughout the project. He would also like to thank Harold Blum, Kento Fujita, Yuchen
Liu, Ivan Cheltsov and Kewei Zhang for effective discussions. Suggestions and comments
from the anonymous referees of the paper are also greatly appreciated.
2. Pseudovaluations, normalized volumes and Equivariant K-stability
We include in this section relevant equivariant version of notions about valuations and
K-stability for reader’s convenience.
2.1. Valuations and pseudovaluations. We recall first the definition of the center of a
valuation. A valuation v on C(X)∗ defines a valuation ring Ov ⊂ C(X) by
Ov = {f ∈ C(X)
∗|v(f) ≥ 0} ∪ {0}.
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We say v has a center on X if we have a map SpecOv → X induced by the following
diagram:
SpecC(X) X
SpecOv SpecC.
In this case, we call v a valuation on X. Note that if we assume X is proper, then the map
SpecOv → X always exists and is unique. Let ξ be the image of the unique closed point
of SpecOv in X. Then we call the schematic point ξ the center of v on X and denote it
by cX(v). For a closed point x ∈ X, we denote by ValX,x all R-valued valuations of C(X)
centered at x.
For a variety X with a group action G, we define G-pseudovaluations as follows.
Definition 2.1. Let G be a group action on X and v a valuation on X. Define
G · v := inf
g∈G
g · v,
where g · v is the valuation given by g · v(f) = v(f ◦ g) for any f ∈ C(X). We call G · v a
G-pseudovaluation and denote all G-pseudovaluations on X by GValX . The center of G ·v
is defined to be the union of the centers of g · v for all g ∈ G. We say G · v (or simply v
if the group action G is clear from the context) is of finite orbit if the orbit of v under
G-action is finite.
Remark 2.2. Note that by [2, Lemma 1.7], if v1 and v2 are two valuations of finite orbit
such that the two induced G-pseudovaluations G · v1 and G · v2 are the same, then v1 and
v2 are in the same orbit under G-action. For counterexamples when one of the valuation
is not of finite orbit, see Example 2.15.
Remark 2.3. In general, the center of a G-pseudovaluation G · v is simply a union of
schematic points. It might not be closed nor irreducible. For a finite-orbit G · v, the center
of G · v is a finite union of cX(g · v). If x ∈ X is a closed G-invariant point, and the center
of g · v is x for all g ∈ G, we will simply say that G · v has center to be x or is centered at
x.
Remark 2.4. In general, G-pseudovaluations are not valuations because they do not satisfy
the product property. Indeed, for any f, g ∈ C(X), we only have
G · v(fg) ≥ G · v(f) +G · v(g).
If U ⊂ X is an affine open set containing all the centers of the valuations g · v, then G · v
induces a pseudovaluation on OX(U) in the sense of [6]. When G · v is of finite orbit, we
can always find such U . Note that pseudovaluations on an affine variety do not extend to
its function field due to the lack of product property. In general there is not a clear way
to define pseudovaluations on a projective variety.
For a valuation v on X and a nonnegative real number x, the ideal sheaf ax(v) ⊂ OX is
defined as follows. For U ⊂ X an open affine subset of X, if U contains the center of v,
then define
ax(v)(U) = {f ∈ OX(U)
∗|v(f) ≥ x} ∪ {0}.
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If U does not contain the center of v, we set ax(v)(U) = OX(U). For a G-pseudovaluation
G · v, and x a nonnegative real number, we define the ideal sheaf ax(G · v) to be
ax(G · v) =
⋂
g∈G
ax(g · v).
2.2. Equivariant normalized volume. Let x be a G-invariant point on X. Denote by
GValX,x all G-pseudovaluations centered at x. We can define the normalized volume v̂ol
on the GValX,x almost in the same way as normalized volume of usual valuations. First of
all, for any G-pseudovaluation G · v, we define the volume
vol(G · v) = lim
λ→∞
dimCOX,x/aλ(G · v)
λn/n!
.
Note that AX(g · v) = AX(v) for any g ∈ G, so we define the log discrepancy of G · v to be
AX(v). Then the normalized volume of G · v is defined as
v̂ol(G · v) = AX(v)
n vol(G · v).
2.3. Equivariant K-stability. We first give the definition of equivariant test configura-
tion.
Definition 2.5. Let (X,L) be a polarized variety. A (semi-)test configuration (X ,L) of
(X,L) with exponent r consists of the following data:
(1) a proper flat family π : X → A1,
(2) an equivariant C∗-action on π : X → A1, where C∗ acts on A1 by multiplication in
the standard way, and
(3) a C∗-equivariant line bundle L on X which is π-relatively (semi-)ample,
such that (X ,L)|pi−1(A1\{0}) is C
∗-equivariantly isomorphic to (X × (A1\{0}), L⊗r
A1\{0}
),
where LA1\{0} is the pull back of L from X to X × (A
1\{0}).
In addition, let G ⊂ Aut(X,L) be a group action on (X,L). We say (X ,L) is a G-
equivariant test configuration if G can be extended to an action on (X ,L) such that it
commutes with the C∗-action on (X ,L).
(X ,L) is called a trivial test configuration if (X ,L) is C∗-equivariantly isomorphic to
(X × A1, L⊗r
A1
), where the C∗-action on X ×A1 is trivial on the first component.
In the rest of the paper, we will focus on Q-Fano varieties with the polarization to
be −KX and a group action G ⊂ Aut(X). By replacing −KX with a sufficiently divisible
multiple of itself, we may assume −KX is already Cartier. The definition of Donaldson-
Futaki invariant for an equivariant test configuration of a Q-Fano variety is the same as
the usual one. We include a definition using intersection formula here which will come up
in later computation.
Definition 2.6. LetX be a Q-Fano variety of dimension n. For any rational number r such
that rKX is Cartier, let (X ,L) be a normal semi-test configuration of (X,−rKX). We can
compactify the test configuration into a flat family (X¯ , L¯) over P1, such that over P1\{0},
the family (X¯ , L¯) is C∗-equivariantly isomorphic to X × P1\{0} with trivial C∗-action on
the fibers. Then we can define the Donaldson-Futaki invariant of (X ,L) to be
DF(X ,L) :=
1
(n + 1)(−KX )n
(
n
rn+1
L¯n+1 +
n+ 1
rn
L¯n ·KX¯/P1
)
(2.1)
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We also include the definition of JNA(X ,L) following [10], which can be viewed as the
norm of (X ,L) since JNA(X ,L) = 0 if and only if (X ,L) is a trivial test configuration. Let
Y
X × P1 X¯ .
p q
be a common resolution of X × P1 and X¯ . We set
λmax(X ,L) :=
p∗(−KX×P1/P1)
n · q∗L¯
(−KX)n
,
and define
JNA(X ,L) := λmax(X ,L)−
L¯n+1
(n+ 1)(−rKX)n
Definition 2.7. Let X be a Q-Fano variety with G ⊂ Aut(X) a group action on X. We
have the following three definitions of K-stability:
(1) (X,−KX) is said to be G-equivariantly K-semistable if the Donaldson-Futaki in-
variant is nonnegative for all G-equivariant normal test configurations.
(2) (X,−KX) is said to be G-equivariantly K-stable if the Donaldson-Futaki invariant
is positive for all nontrivial G-equivariant normal test configurations.
(3) (X,−KX) is said to be uniformly G-equivariantly K-stable if there exists 0 < δ < 1
such that DF(X ,L) ≥ δJNA(X ,L) for all G-equivariant normal test configurations.
2.4. Equivariant MMP and weakly G-special test configuration. In this section,
we would like to produce a collection of equivariant test configurations that plays the same
role as special test configurations for K-stability following the argument in [17]. Indeed,
we would like to run similar Minimal Model Program (MMP) steps G-equivariantly. For
readers’ convenience, we collect some useful facts about G-MMP as follows.
For a projective variety X and a group action G ⊂ Aut(X), we can run G-equivariant
MMP if the action of G on the Ne´ron-Severi group factors through a finite group ([12, cf.
Example 2.21]). Indeed, the equivariant Contraction Theorem involves contraction of the
orbit of an extremal ray under G-action, which is possible since the orbit is finite in this
case.
When G is an algebraic group, let G0 be the connected component of G containing
the identity element. Then G/G0 is finite and the action of G on the Ne´ron-Severi group
factors through G/G0. Therefore, we can always run G-MMP. For an arbitrary group with
possibly infinitely many connected components, we have the following lemma which allows
us to run G-MMP on G-equivariant test configurations. The key fact we use here is that
a Fano variety is a Mori dream space and the Mori cone is polyhedral.
Lemma 2.8. Let G < Aut(X) be a group action on a Fano variety X, and (X ,L) be
a G-equivariant test configuration of (X,−KX). Then the G-action on the Ne´ron-Severi
group N1(X ) factors through a finite group.
Proof. By the construction of test configurations through flag ideals in [20] and [2], we
know that there exists a semi-test configuration (Y,M) such that p : Y → X × A1 is the
normalized blow-up along the ideal sheaf
I = Ir + Ir−1t+ · · · + I1t
r−1 + (tr) ⊂ OX×A1 .
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with
M = p∗(−KX×A1/A1)− E,
where OY(−E) = p
−1I · OY . For the map π : Y → A
1, we know that M is relative
semi-ample, and
φ : Y → X = Proj
⊕
m≥0
π∗M
m,
with φ∗L = M. Note that since (X ,L) is G-equivariant, I is a G-invariant ideal with all
Ii’s also G-invariant. Therefore, there is an induced G-action on (Y,M). Next we show
that the induced action of G on N1(Y) factors through a finite group.
Indeed, for any divisor D on Y, the difference D−p∗p∗D is supported in the central fiber
Y0. Therefore, we see that N
1(Y) = p∗N1(X×A1)⊕N ′, where N ′ is spanned by numerical
equivalence class of non-movable divisors supported in Y0. Note that the action of G on
N1(X × A1) is induced by the action of G on N1(X). Since the Mori cone NE(X) is
polyhedral, the action G is finite on N1(X), and hence is finite on N1(X×A1). The action
of G on Y0 permutes irreducible components of Y0, so it is also finite on N’. Therefore, we
get the conclusion.
Now since φ∗ : N1(X ) → N1(Y) is an injection, the action of G on N1(X ) also factors
through a finite group. 
In order to state the equivariant version of Li-Xu’s thoerem, We also recall the definition
of G-irreducibility.
Definition 2.9. A scheme X with a group action G is called G-irreducible if the underlying
topological space of X cannot be written as the union of X1 and X2 with X1 and X2 two
G-invariant proper closed subsets.
Note that equivalently, X is G-irreducible if G acts transitively on the irreducible com-
ponents of X.
Theorem 2.10. For any G-equivariant normal test configuration (X ,L)/A1 of (X,−KX ),
there exists a finite morphism φ : A1 → A1, a test configuration (X s,−KX s) with the
central fiber being reduced and G-irreducible and a both C∗- and G-equivariant birational
map X s 99K X ×φ A
1 over A1, such that for any 0 ≤ δ ≤ 1, we have
DF(X s,−KX s)− δJ
NA(X s,−KX s) ≤ deg φ
(
DF(X ,L)− δJNA(X ,L)
)
.
Proof. By Lemma 2.8, we can run a G-equivariant version of each MMP step in the
proof of the main theorem in [17]. Then we get a G-equivariant semi-test configuration
(Xm,−KXm) such that the central fiber X
m
0 is reduced and G-irreducible, and −KXm is
relatively semiample. Let X s = ProjA1 R(X
m,−KXm) be the relative anticanonical model.
This yields the G-equivariant test configuration (X s,−KX s). The computation in [17] and
[10] gives us the inequality in terms of the Donaldson-Futaki invariant. 
Note that according to the MMP steps in [17], we know that (Xm,Xm0 ) is dlt. However,
after we take the relative anti-canonical model, the pair (X s,X s0 ) is only log canonical and
not necessarily dlt any more.
Definition 2.11. A G-equivariant normal test configuration (X ,L) is called a weakly
G-special test configuration if the central fiber X0 is reduced and G-irreducible.
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For a weakly G-special test configuration (X ,L), since both L and KX are G-invariant,
we know that L +KX is a G-invariant divisor supported on the central fiber X0 which is
G-irreducible. Therefore it can only be a multiple of the whole fiber X0. By definition
of the Donaldson-Futaki invariant, we have DF(X ,L) = DF(X ,−KX ) and J
NA(X ,L) =
JNA(X ,−KX ). As in the usual K-stability case, we know from Theorem 2.10 that it is
enough to check only weakly G-special test configurations for G-equivariant K-stability.
Remark 2.12. Note that by the computation in [10, Section 3], Theorem 2.10 also holds
if we replace the Donaldson Futaki invariants with Ding invariants (see [9, Definition 3.1]
for the definitoon of Ding invariant). Since these two invariants are the same for weakly
G-special test configurations by [9, Theorem 3.2], we know that we can also define various
notions of K-stability using the Ding invariant Ding(X ,L) in place of the Donaldson Futaki
invariant DF(X ,L) in Definition 2.7. We will use this fact in the proof of Theorem 3.1.
2.5. Filtrations and test configurations. A test configuration (X ,L) of (X,−KX ) in-
duces a filtration F on Vk = H
0(X,−kKX ) in the following way:
FxVk = {s ∈ Vk|t
−⌈x⌉s¯ ∈ H0(X , kL)},
where s¯ is the C∗-invariant section of kL on X\X0 induced by s. Note that F is decreasing,
left-continuous, multiplicative and linearly bounded (see [2, Section 1.1] and [9, Definition
4.1] for definitions). Filtrations in this paper will always be assumed to satisfy these four
properties.
Conversely, let F be a filtration on V• such that
⊕
k∈Z≥0,j∈Z
F jVk is finitely generated.
We may assume it is generated in degree k = 1. Then we can define a test configuration
(X ,L) =
ProjA1 ⊕
k∈Z≥0,j∈Z
t−jF jVk,O(1)
 ,
where the Proj is taken with respect to the grading of k, and the Z-grading of j determines
an equivariant C∗-action on the test configuration over A1 = SpecC[t]. Note that the
central fiber of the test configuration is
X0 = Proj
⊕
k∈Z≥0,j∈Z
grjF Vk,
where
grjF Vk =
F jVk
F j+1Vk
is the graded piece of the filtration F•. The induced C∗-action from the test configuration
on X0 is also determined by the Z-grading of j. The following proposition gives the relation
between filtrations and test configurations.
Proposition 2.13 (Proposition 2.15, [2]). The above construction sets up a one-to-one
correspondence between test configurations of (X,−KX ) and finitely generated filtrations
on V•.
For any prime divisor F over X, we can construct a G-invariant filtration
FxVr =
{
H0
(
X,OX(−rKX)⊗ a⌈x⌉(G · ordF )
)
, x ≥ 0,
Vr, x < 0.
(2.2)
which induces a G-equivariant test configuration.
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To conclude this section, we look at some basic examples that illustrate the difference
between G-equivariant K-stability and usual K-stability.
Example 2.14. Consider the projective space X = Pn with G = PGL(n + 1)-action. A
nontrivial C∗-action on Pn does not commute with PGL(n+1). Then the onlyG-equivariant
test configuration of (Pn,−KPn) is the trivial test configuration. By definition we know
that Pn is uniformly G-equivariantly K-stable. Note that for any G-pseudovaluation G · v,
we have that ax(G · v) = (0) for any x > 0. Therefore for any prime divisor F over P
n, we
know that the corresponding G-invariant filtration is
FxVr =
{
0, x > 0,
Vr, x ≤ 0,
which induces exactly the trivial test configuration.
Example 2.15. Consider X = P1 × P1 with G = PGL(2) acting on the first component.
Pick any point p ∈ X. Let E be the exceptional divisor of the blow-up of X at p. Let H
be the horizontal line through p, and we know that H is the orbit of p under G-action.
Therefore E and H induce the same G-invariant filtration. Note that E is not of finite
orbit, but H is G-invariant. The compactified test configuration corresponding to the G-
invariant filtration is π : P1 × F1 → P
1, with G acting on the first component and π
induced by the Hirzebruch surface F1 → P
1.
Similar examples can also be constructed in the same way for other group action such
as a torus action (C∗)r on Pn.
Example 2.16. Cheltsov and Shramov studied a special class V ∗22 of Fano threefolds of
degree 22 admitting (C∗ ⋊ Z/2)-action. Denote G = C∗ ⋊ Z/2. They computed in [3]
the equivariant alpha invariant αG(X) for every smooth Fano threefold of type V
∗
22, and
showed that all but two of them have αG(X) = 4/5 (see Section 5 for the definition of
equivariant alpha invariant). Then by [21, Theorem 1.10] (see also Theorem 5.2 in Section
5), we know that these Fano threefolds with αG(X) = 4/5 are uniformly G-equivariantly
K-stable. However, since the automorphism groups contain C∗ and hence are not discrete,
they are not uniformly K-stable in the usual sense.
3. Equivariant valuative criteria
We separate the proof of Theorem A into 3 parts. We first prove the following theorem
which gives a necessary valuative condition of uniform equivariant K-stability in Theorem
A.
Theorem 3.1. Let X be a Q-Fano variety with G ⊂ Aut(X) a group action on X. If X is
uniformly G-equivariantly K-stable, then there exists 0 < δ < 1, such that βG(F ) ≥ δjG(F )
for any finite-orbit prime divisor F over X.
Proof. We follow the idea of the proof of Theorem 4.1 in [10]. For simplicity, We may
assume −KX is already Cartier. Given any prime divisor F of finite orbit, let π : Y → X
be a G-equivariant resolution such that F is a smooth divisor on Y . Following the notation
in (2.2), we consider the G-invariant filtration of FxVr defined by F . Note that F is
saturated. Let I(r,x) := Im(F
xVr ⊗OX(rKX)→ OX) be the base ideal of F
xVr. Suppose
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F1, . . . , FN form the orbit of F under the G-action with F1 = F . We have
I(r,x) · OY ⊂ OY
(
−⌈x⌉
N∑
i=1
Fi
)
.
Fix a sufficiently large integer e+ > τ
G(F ) and sufficiently small e− < 0. We set the flag
ideal Ir ⊂ OX×A1 to be
Ir := I(r,re+) + I(r,re+−1)t+ · · ·+ I(r,re−+1)t
r(e+−e−)−1 +
(
tr(e+−e−)
)
.
Let Πr : Xr → X × A
1 be the blow-up along Ir, and Er the exceptional divisor. Set
Lr := Π
∗
r(−KX×A1) −
1
rEr. Note that all I(r,x)’s are G-invariant, so Ir is a G-invariant
ideal, and we get that (Xr,Lr) is a G-equivariant semi-test configuration. Since X is
uniformly G-equivariantly K-stable, we know that Ding(Xr,Lr) ≥ δJ
NA(Xr,Lr) for some
δ ∈ (0, 1) independent of r.
Note that
Ir · OY×A1 ⊂
(
OY
(
−
N∑
i=1
Fi
)
+ (t)
)re+
.
Now if we follow the same computation of Ding(Xr,Lr) and take r →∞ as in the proof of
Theorem 4.1 in [10], we will get βG(F ) ≥ δjG(F ). 
Remark 3.2. When F is not of finite orbit, it is in general not possible to find a G-
equivariant resolution Y → X as in the above proof. Therefore the assumption that F is
of finite orbit is necessary for the proof. For a finite-orbit prime divisor F , we can write
the equivariant beta invariant of F in the following way
βG(F ) := AX(F )(−KX)
n −
∫ +∞
0
volY
(
π∗(−KX)−
n∑
i=1
Fi
)
dx.
where π : Y → X is a G-equivariant resolution of X, and Fi’s form the orbit of F as in
the above proof. It is crucial in the computation that the sum
∑
Fi we consider here is a
reduced divisor. If we instead take the sum of all gF for g ∈ G, it can be a nonreduced
divisor.
Next we study the relation between Donaldson-Futaki invariants of weakly G-special
test configurations and equivariant beta invariants.
Theorem 3.3. Let (X ,L) be a nontrivial weakly G-special test configuration. Suppose the
central fiber of X can be decomposed into irreducible components X 10 , . . . ,X
N
0 . Let vi be the
restriction on X of the divisorial valuation ordX i
0
. Then each vi is a divisorial valuation
and is G-dreamy. Moreover, we have DF(X ,L) = βG(vi)/(−KX)
n and JNA(X ,L) =
jG(vi)/(−KX )
n for any i.
Proof. First note that we may assume L = −KX/A1 . Next we claim that each vi is a
divisorial valuation on X corresponding to distinct divisor Fi over X. Indeed, Suppose
ordX i
0
and ord
X j
0
restrict to the same valuation vi and vj on X. Then since ordX i
0
(t) =
ord
X j
0
(t) = 1, we know that the two valuations are the same on X . Lemma 4.1 in [2] shows
that vi’s are divisorial valuations on X. Denote vi = c ordFi , where Fi is a prime divisor
on X. Since the G-action permutes all the irreducible components of the central fiber X0,
we know that F1, . . . , FN form the orbit of F1 under the G-action.
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Now consider a common resolution of X ×A1 and X which gives the following diagram
over A1:
Y
X × A1 X .
p q
Let Vk = H
0(X,−kKX) and F
x
YVk be the filtration on V• induced by (Y, q
∗L). Following
the same argument as in the proof of Theorem 5.1 in [10], we have
FxYVk = {f ∈ Vk|vi(f) ≥ kAX(Fi) + x, i = 1, . . . , N}.
Note that AX(Fi) = AX(F1) for any i. Therefore we can write the filtration F
x
YVk as
FxYVk =
{
H0
(
X,−kKX − (kAX(F1) + x)
∑N
i=1 Fi
)
x ≥ −kAX(F1),
Vk x < −kAX(F1).
Finite generation of
⊕
j,k F
j
YVk would imply finite generation of⊕
j,k≥0
H0
(
X,−kKX − j
N∑
i=1
Fi
)
as in the proof of Theorem 5.1 in [10], and hence Fi is G-dreamy. The same compu-
tation in that proof would also give us DF(X ,L) = βG(vi)/(−KX)
n and JNA(X ,L) =
jG(vi)/(−KX )
n for any i. 
The following theorem is an immediate consequence of Theorem 3.3.
Theorem 3.4. If there exists some 0 < δ < 1, such that βG(F ) > 0(≥ δjG(F )) for any
G-dreamy divisor F over X, then X is (uniformly) G-equivariantly K-stable.
By Proposition 2.13, we have a one-to-one correspondence between finitely generated
filtrations on V• and test configurations. Then combining Proposition 2.13 with Theorem
3.3, we have the following theorem:
Theorem 3.5. Let X be a Q-Fano variety and F a G-dreamy divisor over X. Define a
filtration F on V• as in (2.2). Then the test configuration
(X ,L) =
ProjA1 ⊕
k∈Z≥0,j∈Z
t−jF jVk,O(1)

is a weakly G-special test configuration. Moreover, we have DF(X ,L) = βG(F )/(−KX )
n
and JNA(X ,L) = jG(F )/(−KX )
n.
Proof. We only need to show that X0 is reduced and G-irreducible. Note that
X0 = Proj
⊕
k,j≥0
grjF Vk.
Pick any f ∈ F jVk\F
j+1Vk. We have G · ordF (f) = j. For any positive integer l, we
have G · ordF (f
l) = lj (see also [6, Remark 3.12]), or equivalently f l ∈ F ljVk\F
lj+1Vk.
Therefore we know that
⊕
k,j≥0 gr
j
F Vk is reduced.
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Now pick any fi ∈ F
jiVki\F
ji+1Vki for i = 1, 2. Let F1, . . . , FN form the orbit of F under
G-action. Since the orbit is finite, we can find Fli such that ordFli (fi) = G · ordF (fi) = ji
for i = 1, 2. Suppose ordFl2 = g · ordFl1 for some g ∈ G. Then we have
G · ordF (g(f1)f2) = ordFl2 (g(f1)f2) = j1 + j2,
and consequently g(f1)f2 ∈ F
j1+j2Vk1+k2\F
j1+j2+1Vk1+k2 . Therefore we know that X0 is
G-irreducible. 
An immediate consequence is the following theorem:
Theorem 3.6. If X is G-equivariantly K-stable, then βG(F ) > 0 for any G-dreamy divisor
F over X.
Finally we finish the proof of Theorem A by combining the above results. Theorem 3.1
and Theorem 3.4 gives the valuative criterion for uniform equivariant K-stability, which
is part (1) in Theorem A. If we set δ = 0 in Theorem 3.1 and Theorem 3.4, we get
the corresponding valuative criterion for equivariant K-semistability, which is part (2) in
Theorem A. Theorem 3.4 and Theorem 3.6 gives us the valuative criterion for equivariant
K-stability, which is part (3) in Theorem A.
4. Equivariant normalized volumes
Let X be an n-dimensional Q-Fano variety with group action G and F a prime divisor
over X. Denote by Y = C(X,−KX) the cone over X with respect to the polarization
−KX and o ∈ Y the vertex of the cone. Suppose π : Z = BloY → Y is the blow-up of Y
at o. Let E be the exceptional divisor, and F the pull back of F to Z. Denote the divisorial
valuation ordE by v0 and ordF by vF . Then for t ≥ 0, let vt be the quasi-monomial
valuation between v0 and vF with weight (1, t). For fm ∈ Vm = H
0(X,−mKX ), we have
vt(fm) = v0(fm) + tvF (fm) = m + t ordF (fm). Note that vt is still centered at o. Since
there is a natural G-action induced on the cone Y and the blow-up Z, we consider the
G-pseudovaluation G ·vt. The following proposition gives a relation between the derivative
of the normalized volume v̂ol(G · vt) and β
G(F ).
Proposition 4.1. Under the above notations, we have
d
dt
v̂ol(vt)
∣∣∣∣
t=0
= (n+ 1)βG(F ).
Proof. The idea of the proof basically follows from [13] and [18]. First of all, we have
AY (F) = AX(F ), and AY (v0) = 1. Therefore AY (vt) = 1+ tAX(F ). Next we compute the
volume of G · vt. Let Vm = H
0(X,−mKX ) and V = ⊕Vm. Note that for f ∈ Vm, we have
v0(f) = m. Then
dimV/aλ(G · vt) =
⌊λ⌋∑
m=0
dimVm/aλ(G · vt) =
⌊λ⌋∑
m=0
dimVm −
⌊λ⌋∑
m=0
dimVm ∩ aλ(G · vt).
By asymptotic Riemann-Roch, we know that
⌊λ⌋∑
m=0
dimVm =
(−KX)
nλn+1
(n+ 1)!
+O(λn).
A NOTE ON EQUIVARIANT K-STABILITY 13
On the other hand, for any f ∈ Vm, we know that g · vt(f) ≥ λ is equivalent as g · vF (f) ≥
λ−m
t . Then we know that
Vm ∩ aλ(G · vt) = H
0
(
OX(−mKX)⊗ aλ−m
t
(G · ordF )
)
.
According to Lemma 4.5 in [13], we know that
⌊λ⌋∑
m=0
dimVm ∩ aλ(G · vt)
=
λn+1
n!
∫ +∞
0
volX (OX(−KX)⊗ ax(G · ordF ))
t
(1 + tx)n+2
dx+O(λn).
Putting the above expressions together, we have
vol(G · vt) = (−KX)
n − (n+ 1)
∫ +∞
0
volX (OX(−KX)⊗ ax(G · ordF ))
t
(1 + tx)n+2
dx.
Taking the derivative we get
d
dt
v̂ol(G · vt)
∣∣∣∣
t=0
= (n + 1)βG(F ).

An immediate consequence of Proposition 4.1 gives one direction of Theorem B:
Corollary 4.2. If the normalized volume function v̂ol is minimized at v0 among all finite-
orbit G-pseudovaluations on Y centered at o, then X is G-equivariantly K-semistable.
Repeating a similar computation together with convexity of the normalized volume func-
tion of G · vt with respect to t as in the proof of Theorem 4.5 in [18] also gives the other
direction of Theorem B.
5. Equivariant alpha invariant and Tian’s criterion
Let X be a variety with G ⊂ Aut(X) a group action on X. By replacing usual valuations
with G-pseudovaluations, we can define the G-log canonical threshold of any effective
divisor D to be
Glct(D) := inf
E
AX(E)
G · ordE(D)
,
where E runs through all prime divisors over X. Next assume in addition that X is Q-Fano.
We define the G-equivariant alpha invariant of X to be
αG(X) = inf{Glct(D)|0 ≤ D ∼Q −KX}.
Remark 5.1. Note that Tian first defines αG(X) analytically in [22]. It is then shown in the
appendix of [4] that the analytic definition of αG(X) is the same as the following algebraic
one:
αG(X) = inf
m
{
lct
(
X,
1
m
Σ
) ∣∣∣∣Σ is a G-invariant linear subsystem in | −mKX |} .
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The above two algebraic definitions of αG(X) are in fact the same. Indeed, for any G-
invariant linear system Σ ∼ −mKX , pick any divisor D ∈ Σ. Then for any prime divisor
E over X and g ∈ G, we have ordE(gD) ≥ ordE(Σ). Therefore we know that
Glct
(
1
m
D
)
≤ lct
(
1
m
Σ
)
.
Conversely, for any effective divisor D ∈ | − mKX |, let Σ be the linear subsystem of
| −mKX | spanned by {gD|g ∈ G}. Then for any effective divisor D
′ ∈ Σ, we know that
ordE(D
′) ≥ G · ordE(D) and hence ordE(Σ) ≥ G · ordE(D). Therefore we know that
Glct
(
1
m
D
)
≥ lct
(
1
m
Σ
)
.
Next we will give another proof of the following result in [21] which is the G-equivariant
version of Tian’s criterion.
Theorem 5.2 (Theorem 1.10, [21]). Let X be a Q-Fano variety of dimension n and
G ⊂ Aut(X) a group action on X. If αG(X) > n/(n + 1) (resp. ≥ n/(n + 1)), then X is
uniformly G-equivariantly K-stable (resp. G-equivariantly K-semistable).
Before we prove Theorem 5.2, we would like to introduce for simplicity the following
notations related to equivariant beta invariants of finite-orbit prime divisors. For any prime
divisor F over X of finite orbit under the G-action, let π : Y → X be a G-equivariant
birational morphism such that F1, . . . , FN are prime divisors on Y forming the orbit of F
under the G-action with F1 = F . We define
SG(F ) =
1
(−KX)n
∫ +∞
0
volY
(
π∗(−KX)− x
∑
Fi
)
dx.
Then we can write βG(F ) as
βG(F ) = (−KX)
n
(
AX(F )− S
G(F )
)
.
Also note that under the above notation, we have
τG(F ) = sup
{
t > 0
∣∣∣volY (π∗(−KX)− t∑Fi) > 0}
and
jG(F ) = (−KX)
n
(
τG(F )− SG(F )
)
.
Proof of Theorem 5.2. The idea of the proof follows from [8]. We only prove uniform G-
equivariant K-staiblity of X since the proof for G-equivariant K-semistability is almost
identical.
Take any weakly G-special test configuration (X ,L). Let F be the prime divisor over X
corresponding to the divisorial valuation onX induced by one of the irreducible components
of X0. Then the orbit of F under the G-action is induced by all irreducible components of
X0 and hence is finite. Let F1, . . . , FN form the orbit of F with F1 = F . Under the above
notation, it suffices to show that
AX(F )− S
G(F ) ≥ δ
jG(F )
(−KX )n
for some δ ∈ (0, 1) independent of F .
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Using integration by parts, we have∫ τG(F )
0
(
x− SG(F )
) d
dx
volY
(
−π∗KX − x
∑
Fi
)
dx = 0.
Note that by Theorem A and Theorem B of [1], we have
−
1
n
d
dx
volY
(
−π∗KX − x
∑
Fi
)
= N volY |F
(
−π∗KX − x
∑
Fi
)
.
where volY |F denotes the restricted volume (see [7] for definition). For simplicity, we use
V (x) to denote the restricted volume function volY |F (−π
∗KX − x
∑
Fi). Then we have∫ τG(F )
0
(
x− SG(F )
)
V (x) dx = 0.
Using log concavity of restricted volume, we have(
x− SG(F )
)
V (x) ≤
(
x− SG(F )
)
V
(
SG(F )
) ( x
SG(F )
)n−1
.
Therefore we get that
SG(F ) ≤
n
n+ 1
τG(F ). (5.1)
Now suppose that
AX(F )− S
G(F ) < δ
jG(F )
(−KX )n
for any δ ∈ (0, 1). Recall that
jG(F )
(−KX)n
=
(
τG(F )− SG(F )
)
,
so we have
AX(F ) < δτ
G(F ) + (1− δ)SG(F ).
Combining the above inequality with (5.1), we get
AX(F ) <
(
1
n+ 1
δ +
n
n+ 1
)
τG(F ).
Let δ → 0, and we know that
AX(F ) ≤
n
n+ 1
τG(F ).
For arbitrarily small ǫ > 0, pick 0 ≤ D ∼Q −KX such that G ·ordF (D) = τ
G(F )− ǫ. Then
we know that
Glct(D) ≤
AX(F )
G · ordF (D)
≤
n
n+ 1
τG(F )
τG(F )− ǫ
,
which implies αG(X) ≤ n/(n+ 1), contradicting to the assumption that αG(X) > n/(n+
1). 
Remark 5.3. Note that as a consequence of the conjecture that for a reductive group G,
X is G-equivariantly K-semistable (resp. G-equivariantly K-polystable) if and only if X
is K-semistable (resp. K-polystable), we have that if αG(X) ≥ n/(n + 1) (resp. αG(X) >
n/(n + 1)), then X is K-semistable (resp. K-polystable). This generalizes the original
Tian’s criterion to any Q-Fano varieties.
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As mentioned in the introduction, the above conjecture is proved in [24] after the original
version of the paper is posted online. Therefore, we now indeed have the generalized Tian’s
criterion for Q-Fano varieties.
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